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Helical Resonators for Measuring Dielectric
Properties of Materials

W. MEYER

A b,stract — A theoretical and practical investigation is given of supercond-

ucting helical resonators with quality factors greater than 108 which allow

the determination of dielectric loss tangents in the frequency range of 0.1

to 5 GHz and below 15 K with high accuracy. The underlying m~asurement

theory is an extension of pertimbation theory. They are evaluated for the

fields in a shielded multiple quarter-wave helical resonator with a cylindri-

cal dielectric specimen inside the helix. Measurement results on optimized

resonators made from superconducting Nb and Nb3 Sn are reported as well

as further applications.

NOMENCLATURE

a, b, c, d, [, p Geometrical resonator parameters

defined by Fig. 1.

CO=2.988. 1010 cm– 1 Lightvelocity in tMCUO.,

f,(f,) Resonance frequency of the emp-

ty (partially filled) resonator.
k~ =6.625. 1034 W. S2 BOltzmann constant.

k= =27r/Az

k. =a2poco

kr={~

1

p=u/k2

r, CT,z

v, w=jkr

A z, etc.

E, H

G
q2)

11,12

JI , J2

Ko, K,

Qo

Axial propagation constant.

Free-space phase constant.

Transversal propagation constant.

Electron mean free path.

Axial phase velocity of retarded

wave.

Coordinates of right handed sys-

tem (Fig. 1).

Transversal propagation constant

of retarded wave.

Amplitude factors.

Electric (magnetic) field compo-

nents, indicated by the sub-

script.

Geometric factor,

Bessel function of the third kind

and first order (Hankel func-

tion).

Modified Bessel function of the

second kind and of the order

indicated by the subscript.
Bessel function of the first kind

and of the order indicated by

the subscript.

Bessel function of the second kind

and of the order indicated by

the subscript.

Quality, unloaded.
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K=1.257.10-R
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+
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1.

Quality of the empty (partially

filled) resonators.

Measured superconducting surface

resist ante.

Theoretical BCS - surface resis-

tance.

Residual surface resistance.

Absolute temperature, in Kelvin

(K).

Critical temperature of supercon-

ductivity.

Cavity (sample) volume.

Improvement factor.

Input (output) coupling factor of

transmission cavity.

Loss angle, in radians.

Band gap parameter.

Dielectric number.

Dielectric constant.

Axial wavelength.

Superconducting London penetra-

tion depth of the electromag-

netic field.

Permeability.

Pitch angle between helix and a

circumference.

Scalar magnetic (electric) poten-

tial.

INTRODUCTION

1N CONNECTION with recent applications of RF su-

perconductivity, there is growing need for experimental
data on microwave low-temperature dielectric properties of

materials [1]. Apart from this, dielectric measurements are

a powerful tool to gain some insight into molecular struc-
tures and mechanisms because of the high measurement

sensitivity in the microwave region, especially when using

superconducting resonators.

Usually these measurements are accomplished with cav-

ity resonators in the microwave range. Below 6 GHz these

cavities become too large for easy handling and conse-

quently not many measurements exist down to 100 MHz,

particularly not at low temperatures where we cannot use

adjustable condensor plates. For this reason we investi-

gated the properties of helical resonators for measuring
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Fig. 1. Helical resonator for a fundamental frequency of 200 MHz (a= 5, b = 10, c= 3, d= 1.5, /= 50, p
=3 mm). (a) Constructional details. (b) Definition of geometric parameters, (c) Electric-field configura-
tion. (d) H-field configuration.

dielectric loss because of its small dimensions even at 200

MHz (Fig. 1). The helical resonator is a quarter-wave

shorted transmission line in which the center conductor is

wound into a helix. This configuration has resonant fre-

quencies approximately at odd multiples of the fundamen-

tal and allows measurements to be made within a wide

frequency range.

II. THEORY OF MEASUREMENT

Placing a dielectric specimen inside the resonator (Fig.

1), both the electric (E) and magnetic (H) field configura-

tions change, and quality factor Q and resonance frequency

~ are altered. The measured shift is related to dielectric

constant ~j and loss tangent tan 8 = ~j /cj (where Cz= CO(C2

–j~~ )) by these formulas [1]:

(2.2)

JI IE, 2 dV s
v,

)( C;COE1E2 +poH1H2)dP’c
y

(2.4)

(~ sample volume, ~, resonator volume; subscripts 1 and 2
refer to the empty and partially filled resonator.) The

above equations are an extension of the well-known per-

turbation formalism and only valid for high-Q resonators

and small frequency shift and loss tangent

f2–fl <o ~

f,’”
tan8S0.1 Q1, Q,>>l. (2.5)

Their evaluation affords the knowledge of the field distri-

butions El, H, and E2, H,.

III. FIELD EXPRESSIONS AND QUALITY FACTOR

We concentrate on the lowest mode (“slow mode”) of a

concentric line having a tape-helix inner conductor, i.e., the

helix is replaced by a fictitious surface conducting only in

the helix direction. The wave properties of such a line have

been adequately covered in the literature [2]-[9]; we solved

the boundary value problem with a concentric dielectric

inside the helix in addition. This is done in the Appendix

under several assumptions which result in these design

restrictions for the actual measurement resonator (all sym-

bols are defined in the Nomenclature and Fig. 1):

b/a>l.l a/c>l.l (3.1)

Cotlj>>l. (usually 10... 50) (3.2)

A, >>p (3.3)

E><<cot+. (3.4)

The analytical field expressions are listed under equa-

tions (A.4), (A.7), (A. 11), and sketched in Fig. 1 for the
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field amplitudes at different locations
H{)= A2(k; /k; cot+) ~Alkzcot$: E()

fundamental of the quarter-wave resonator. The qualitative

result: most of the energy content located outside the helix

— on};’ a very small electric and small magnetic field in the

interior— is confirmed by Fig. 2 which shows the maxi-

mum normalized field amplitudes at different places within

the resonator. The poor electric field concentration at the

location of the dielectric is ‘coincident with the general

assumption of the perturbation theory that the resonator

fields before and after introducing the specimen must be

very much alike [10] which corresponds to small frequency

shifts. Explicit evaluations of (2.1) with the field expres-

sions derived in the Appendix, for the dimensions accord-

ing to Fig. 1, are displayed in Fig. 3 which proves the

actual frequency pulling sufficiently small for lower ej -
values. The corresponding correction factor K (2.3), (2.4) is

shown in Fig. 4. K considerably deviates from 1; thus its
neglect may lead to errors up to 50 or more percent in

dissipation measurements.

Besides this, measurement accuracy greatly depends upon

the absolute quality factor of the empty resonator; with

other words Q has to be maximized. This is impossible

with the foregoing field derivation because Q strongly

depends on the tangential magnetic fields at the surface of

the actual helix, where geometric dimensions have been lost

by approaching it by a fictitious surface with nonisotropic

conductivity. In fact the evaluation of the current distribu-

tion in the helix is quite a complicated problem which has
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Fig, 3. Frequency shift of hehcal resonator (Fig. I ) according to (2 I),
A/4= fundamental (200 MHz); 3k/4= first overtone (600 MHz); 5A/4
= second overtone ( 1 GHz): dashed line: approximation with E2 = ~1
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Fig. 4. CorrectIon factor K of hehcal resonator (Fig. 1) according to
(2,3); X/4= fundamental (200 MHz); 3X/4= first overtone (600 MHz);
5A/4 = second overtone (I GHz). Dashed line: approximation (2.4)

been solved for rectangular helix cross sections only [8], [9].

We adopted the expressions derived in [9] for quadratic

helices instead of the wire helix of the referred resonator

(Fig. 1), and evaluated the geometric factor defined by

~JJjhmdv
G= Q.RA= v (3.5)

J.- IH. 2dA

A

H.= tangential magnetic field at the inner resonator surface

A. The numerical values displayed in Fig. 5 show reasona-

ble coincidence with measured data up to 1 GHz when the

initial assumption, axial wavelength A= >>p, is being

violated. The diagram also shows the importance of the

wire diameter in the quality factor; optimum conditions

over a broad frequency band are achieved with d/p= b/a

=0.5. Maximum Q‘s amount to about 1600 (copper) at
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,! ,’a2 w Q6 as 1,0 1,2 ~f/GHz

F]g. 5, Geometric factor G of helical resonator (Fig. I) Solid lines:

theoretical values obtained from (3.5); dashed hnes: experimental data.

room temperature, and 9.108 (niobium– tin Nb3 Sn) at 2.2

K (see Section IV).

IV. PRACTICAL DESIGN AND EXPERIMENTAL SETUP

Because of the small frequency shift the practical design

may start with the design chart Fig. 6, which is the numeri-

cal solution of the characteristic equation of the empty

helical resonator [7]

(’””::t+r

_ Zo(Oa)l,(d)[lo( Ob)Ko(ua)-Zo(va) Ko(Ob)]
—

10(ob)I1(oa)[l, (ob)K,(oa)–Z,(oa) K,(ob)] “

02 =(2m-/Az)2-k:, k; =U2poeo.

The chart relates the resonance frequency ~= CO/A

(4.1)

(4.2)

(co=
light velocity in oacw) with the geometrical parameters

a, b, ~, and the axial wavelength h,. A, in case of the

quarter-wave resonator’s fundamental is X,=4 01, 1 being

the length of the helix (according to Fig. 1).

Overtones should only be excited in the helix up to a

certain limiting frequency when high order “hollow tube”

modes begin to propagate with phase velocities greater

than light speed. The radial separation constant’ (i.e., the

cutoff frequency) for these modes can be obtained from a

characteristic equation similar to (4.1), where the modified

Bessel functions are replaced by their normal counterparts.

Under condition cot +> 1 it can be simplified to

J,(k,,b)Hj2)(k,, a)–.l,(Kr,a)H/2) (k,, b)=0. (4.3)

(4.3) is solved numerically in Fig. 7. For frequencies and

dimensions below the curve only the retarded mode can

propagate on the line. Different resonators for different

purposes were designed following the scopes outlined

above: 1) A/4-resonators made from Nb and coated with

Nb3 Sn for measuring the superconducting surface resis-

tance of these materials; 2) superconducting A/4-resonatom

for measuring the dielectric loss of polymeric materials at

cryogenic temperatures; 3) X/2-resonators made from

copper for determining the dielectric loss (and moisture
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Fig. 6. Design chart of hehcal resonators: resonant frequency f = C(lXas
a function of geometrical parameter u, b, + (Fig. 1) and axml wave-
length A,.

Fig. 7. Cutoff frequency j,= co ko)(2 n) of the lowest “hollow tube”
mode of the helixresonator (Fig. 1).

content in a second step) of organic materials containing

water, e.g., tobacco.

A. RF-Superconductivity in Nb and Nb#n

The experimental data on Nb were obtained with reso-

nators sketched in Fig. 1, which after machining were first

treated chemically in a HF/HN03 solution, then electron

beam welded in ultra-high vacuum and afterwards recrys-

tallized at 1300 C. Before each measurement a S-pm surface

layer was removed by an etching process. These resonators

showed unloaded Q‘s of typically 5.107 at 4.2 K, with

9.108 (2.2 K and 190 MHz) at maximum [1]. The Nb3Sn-

resonators were prepared in a CVD-process by tin-diffusion

[12], [13] without further surface treatment. The measure-

ments of the frequency and temperature dependence (Figs.

8,9) of superconducting surface resistances can be split

into two contributions:

R~(f, T)= RBcs(f, T)+ R,,,(f). (5.1)

The theoretical BCS-surface resistance R ~C~ is roughly

decaying exponentially with decreasing temperature and

proportional with ~ 2. The numerical evaluation of the

BCS-integrals [14] incorporated in the analytical expression

for R ~cs affords the knowledge of the critical temperature
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TABLE I

BCS PARAMETERS FOR Nb3Sn [ 13] AND Nb [ 14]

Tc/K A/kBTc Eo/i kLo/ ii 1/1

NB 9,25 1.85 390 320 350

Nbs Sn 18.0 1.80 125 390 18

TC and band gap parameter A as well as the electronical

parameters for Nb and Nb3Sn: electron mean free path 1,
London penetration depth ~~o, and coherence length $.,

which are compiled in Table I.

The deviations between theoretical and measured curves

(Figs. 8,9) are due to the residual surface Rre, which is

independent from temperature and is closely related to the

state of the surface (smoothness, contaminations, etc). Its

physical origin is not quite well understood yet; presently

the most feasible microscopic model is based on phonon

exchange among traps in the surface layer of the metal [15],

[16].

Fig. 10. Photograph of A/2-helical resonator as sensiruz head for mois-
ture determination of cigarettes. -

.

B. Dielectric Measurements at Low Temperatures

According to (2.2) very low loss tangents can be de-

termined with high-Q resonators. The quantities of (2.2),

resonance frequency f, loaded quality factor Q, and cou-

pling coefficients ~, are obtained in a high-precision test

assembly, which is described in detail elsewhere [17]. It

consists of the transmission type resonator, which is the

frequency determining element in a closed loop, in series

with phase shifter, broad-band transistor amplifier, and a

p-i-n modulator which interrupts the stationary oscillation

being possible under appropriate phase conditions and

sufficient amplification. The quality factor is obtained from

the exponential decay of the resonator power envelope, the

coupling factors are determined by measuring the incident

and transmitted powers during steady-state, and the reso-

nance frequency is measured with a microwave counter.

Measurement errors do not exceed &2 percent for Q‘s

greater than 104; therewith the relative error of tan d

measurement generally amounts to less than 5 percent for

tan 8>5-10 ‘7. Extensive investigations on various poly-

mers and glasses using this measurement equipment have

been published elsewhere [ 18]–[20] and go beyond the

scope of this paper.

C. Applicator for Moisture Determination

Microwave resonator techniques are used in testing

material properties which are related to its dielectric prop-

erties, e.g., measuring the water content in tobacco [21],

[22]. As a sensing head (or applicator) for cigarettes a

A/2-helical resonator was developed (Fig. 10). The helix is

wound around a silica tube which contains the specimen. It

has no connection with the shielding and is excited by a

capacitive probe at one end of the helix. The resonator can

be used from 500 MHz up to 5 GHz when higher order

modes begin to propagate at the line. The onset of these

modes is clearly visible from the discontinuity in the qual-

ity factor of the empty resonator and in the frequency shift

after insertion of a specimen (Fig. 11). This resonator was

used for determining the loss tangent of moist tobacco over

a wide-frequency range (Fig. 11(c)), but of course is suit-
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3000 r t 1 I 1 symbols are defined in the glossary) is imaginary. There-

fore we use the modified Bessel function of the second kind
●.

2500 ICo( w ) in the scalar potentials + ~, + ~, which with respect
● to the three different regions of the line are as follows:

11~ ●

I

4
●2000

● ●
Regvon 1 (O<r<c)

●
● O ●

1500
+~=~2~o(~r)e*Jk:=

●

*

+fl=~2~o(~r)~*Jk:z

●*

1000 ● ) 1 I 1 I

(a) Region 2 (c<r<a)

k!= [C12~O( ur)+C22Ko(or)] ey’k=’

+Y=[~12~0(Ur)+D22 Ko(0r)]e&’k=’

(b)
Region 3 (a<r<b)

1 ! 1 1 1

01 ● - ● 4’?= [~1~0( ~r)+F2Ko( or)] e~jk=’
-0 ●@ w

tan 6

I -, , , ,,, -

~?=[Gl~o(~’) +G2Ko(or)]e*’~:’ (Al)

005

tobacco, 13%
with the transversal propagation constants o and w inside

and outside the dielectric
oo~

2 L 6 8 10

—f/GHz
v2=k:—k: k; =uzpoco

(c) #=k:_kf k? =ti2pO<;to. (A.2)
Fig. 1I. (a) Quahty factor Q(I of the helical resonator (Fig. 10). (b)

Frequency shift of the helical resonator (Fig. 10) after insertion of a With the general relations between the scalar potentials
tefton rod with e; =2.1, (c) Loss tangent of cigarettes with a moisture
content of 13 percent, and the fields

~ = I a2+E ~ = 1 a2+H
able for any kind of materials which undergo microwave ‘ juc i3ri3,2 ‘ jwpo i3rilz
absorption, e.g., polar fluids.

V. CONCLUSION

&~ Hq+

The helical resonator as a measuring device for material

properties has been investigated and measuring results for

superconductors and dielectrics have been presented. This

type of resonator has the advantage of small dimensions

compared to the wavelength and quite high quality factors.

It fits well into the intermediate region between the higher

megahertz and lower gigahertz range, where cavities grow

too big for easy handling,

APPENDIX

DERIVATION OF FIELD EXPRESSIONS FOR A HELICAL

CONDUCTOR SURROUNDED BY A COAXIAL

CONDUCTIVE CYLINDER WITH A COAXIAL

DIELECTRIC PARTIALLY FILLING THE INTERIOR

As there is always an H-field at the center axis at r= O,

the fields can be shown to belong to a single T-independent

mode at low frequencies [8]. With regard to the described

application as a measurement resonator we are only con-

cerned with this slow mode wave, i.e., the axial phase

velocity p = ti/kZ is smaller than the light velocity and the

transversal propagation constant k,= –jo = {~ (all

(A.3)

and regarding the shorted end of the helix as an electrical

shorting termination only [9], we end up with the following

expressions for the field components.

Region 1 (O<r<c)

E,, .,42* Zl(wr)cos(k,z)
ucocj

Eql =B2w11(wr)sin(kzz)

&HA ‘2-Io(wr)sin(k,z)
2 UCOC2

wkZ
Hrl = –jB2 — Zl(wr)cos(kzz)

up o

HP, = –jA2w11(wr)sin( k:z)

W2
Hz, =jB, — lo(wr)sin(kZz).

- u/lo
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Region 2 (c~r~a)

E,, = A [C1,I1(or) -C,, K1(or)] cos(k,z)
uc~

Eq2=o[D1211(or) –D2zK1(or)] sin(kzz)

E22 = 1 [C1210(or) +C,,KO(or)] sin(k,z)
UEO

H,z . –j% [D1,I,(or) -D,, K1(or)] cos(k,z)
up ~

H92 = –jo[C1zll(vr) –C22K,(or)] sin(k:z)

Hzz =j 1 [D,, IO(or) +D,,KO(or)] sin(kzz).
~Po

Region 3(a~r~b)

E,, = ~ [Flll(vr) -F2K,(tV-)] cos(kZz)
@co

E93 =o[GII,(or) –G2K1(or)] sin(k,z)

EZ, = - k [F, Io(w’) +F.,Ko(or)] sin(kZz)
@to

H,3 . –j% [G, I,(or) -G, K,(vr)] Cos(kzz)
&Jpo

Hqq = –jo[FII1(rw) –F2K1( or)] sin(kZz)

H,j =j & [Gllo(or) +G,Ko(or)] sin(k,z). (A.4)

B2, Clz, Czz, D12, Dzz, Fl, F2, G,, and Gz are amplitude

factors, which together with the propagation constants o,

w, and kZ can be evaluated by these twelve boundary

conditions (the subscripts refer to coordinates in the re-

spective regions).

At r=c

EP1 =EV2 E=, =Ezz Hvl =Hqz

At r=b

EW3=0 EZ3 =0.

At r= u, The Fictitious Helix Surface

Eqz =EV3 E,z = E,B

Eqzcos~+EZ~sin~=O

Hvlcos$+H,l sin$=Hq3cos$+

HZl =HZ2.

(A.5)

H,3sin~. (A.6)

The solution of this set of equations is an elaborate prob-

lem, quite impossible analytically without suitable assump-

tions. We assume identical propagation constants

“=w=m cot+ (A.7)

which is appropriate in case of small dielectric constants

e; <<cotz + (A.8)

or slight perturbations where only a small portion of the

resonator’s energy content is concentrated in the specimen.

3

3

E
“
0

x?

t

2

1

0
0 1 2 —“a 3

Fig. 12. Transversal phase constant v of the empty hehx resonator (Fig.
I); solution of the characteristic equation (4. I )

In this case the resonance frequency is mainly determined

by o (A.2), which can be obtained from the characteristic

equation of the empty resonator (4.1). Its evaluation (Fig.

12) results in tx=ko. cot $ for vu> 1, i.e., k. <<o for small

pitch angles $. This condition together with (A.2) leads to

the approximations oEkZ and

k. =k=/cot $. (A.9)

Combination of (A.9) with (A.2) yields

wca/(1-c;/cot2~) /(1- l/cot2~) (A.1O)

and, with condition (A.8), the desired relation (A.7).

Herewith the amplitude factors of (A.4) can be obtained by

analytical solution of (A.4)–(A.6)

+IO(OC)K,(OC)+I1 (OC)KO(OC)

C12 =A2 c’
10( OC)K1(OC)+I1(OC) KO(OC)

()
1 – ~ JJOC)I1(OC)

C22 = –A
210(OC)K,(OC) +I,(OC)KO(OC)

B2=D12=~& 1—IC1,Io(va)+C,, Ko(oa)]
060 cot * Il(va)

D22 = O

F1 =Ko( ob)
C,, Io(oa) + C,,KO( vu)

l.( oa)Ko( ob) –l.( ob)Ko(oa)

Io(ob)

‘2 = ‘F’ Ko(ob)

Il(vb)

‘2= G’K1(ob) “
(All)

With equations (A.4), (A.7), and (A. 11) the field compo-

nents are determined in terms of a common amplitude

factor A‘ dependent upon the excitation or energy content

of the resonator. For completeness it should be mentioned
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that all field components are multiplied by exp (jot) for

harmonic excitation. The above field expressions convert

into the well-known fields of the shielded line without

dielectric [4], [7], [8] for c;= 1.
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Measurement of Losses in Noise-Matching
Networks

ERIC W. STRID

A bstract— The noise contribution of an input-matching ne~ork to a

low-noise amplifier is equat to the inverse of the network’s available gain.

The available gain of various networks at 4 GHz was computed from

high-accuracy S-parameter measurements. The available gain of a typical

tuner was experimentally found to be a strong function of its tuning, wfdch

shows that “back-to-back” measurements of two tuners to obtain the loss

of each tuner can be inaccurate. Measurement of the available gain of an

ampfifier’s input-matching circuit is shown to give quick insight into its

minimum noise contribution before the actual amplifier stage is built.

I. INTRODUCTION

sOME APPLICATIONS of microwave amplifiers re-

quire squeezing out every bit of low-noise perfor-

mance from an active device. One such application is a
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satellite earth station low-noise amplifier, whose contribu-

tion to system operating noise temperature is relatively

large due to the low equivalent temperature of the antenna

[1]. Development of such amplifiers requires selection of

the best active devices, circuit materials, and techniques.

The noise of active two-ports is usually characterized

with an impedance-substitution setup such as that shown

in Fig. 1 [2]. Small losses in the components between the

noise generator and the device under test (DUT) contribute

directly to the total noise figure, and the accuracy to which

this ‘loss is known contributes directly to the accuracy of

the noise-figure measurement. In current practice, the losses

of typical input circuits used in microwave-transistor noise-

test setups are in the range of 0.1 – 1 dB. This range is

normally much greater than the uncertain y in the calibra-

tion of the noise source. Because this uncertainty leads to

inaccurate noise data for the device, especially’ F~in data,
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